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Motivation for this work

Solid mechanics capability for high-speed fluid structure problems 
• e.g. explosive rate stick

• Previous work with overset grids
‣ high-speed fluid mechanics (with and without reaction)
‣ multiphase models of high explosives
‣ two fluid approximations for confinement
‣ moving and deforming geometries
‣ conjugate heat transfer

• We need a overset solid mechanics capability
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Governing Equations

We wish to compare first and second order formulations of the equations of linear elasticity

• Second order system for the displacements

‣ with stress tensor 

• First order system in velocity and stress
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Boundary and Initial Conditions

• Initial conditions for displacements and velocities

• Initial stress derived from positions

• We consider a variety of boundary conditions

• A few notable items:
‣ The first and second order systems are compatible under certain constraints 

- Saint-Venant compatibility condition
‣ The first order system maintains positions in addition to velocities and stress

- stress and position are coupled at domain boundaries
- relaxation can be used to directly enforce interior compatibility

u = gd(x, t), displacement boundary condition,

n · σ = gt(x, t), traction boundary condition,

n · u = gs(x, t)
n · σ · τα = gs,α(x, t)

}
slip-wall boundary conditions.

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = v0(x), x ∈ Ω



Second Order System (SOS) Discretization

• The equations are discretized using 2nd order centered finite differences

• Summation by parts gives stability for a single curvilinear grid

• Grid overlap can lead to instabilities

‣ artificial dissipation (typically            )

‣ Filter (typically            )

- with                   , the plus-minus mode is eliminated

‣ A normal mode stability analysis motivates these choices
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First Order System (FOS) Discretization

• The equations are discretized using a 2nd order conservative flux based scheme

• Fluxes are found using an upwind (Godunov) method

• Reconstruction to cell faces gives left and right states for Riemann problem
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Stability on Overlapping Grids

• Consider the second order wave equation on a semi-infinite domain

• Discretize on an overlapping grid using second order centered differences

• Define stability to mean that the solution remains uniformly bounded in time

• Normal mode theory leads to the following eigenvalue problem

6.1 Stability of the second-order wave equation

Let us consider the second-order scalar wave equation in one space dimension for u(x, t) defined on the semi-infinite
interval Ω = (−∞, b] for t ≥ 0:

∂2u

∂t2
=

∂2u

∂x2
, x ∈ (−∞, b), t > 0,

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = v0(x) x ∈ (−∞, b),

u(b, t) = g(t), |u(·, t)| < ∞, t > 0.

Here, the initial and boundary conditions are assumed to be consistent so that u0(b) = g(0) and v0(b) = g′(0), and we
look for solutions that remain bounded as x → −∞. We solve this initial-boundary-value problem on an overlapping

grid as shown in Figure 3. The solution is approximated by the grid functions u(m)
j (t) ≈ u(x(m)

j , t), m = 1, 2, on their

component grids x(m)
j = x(m)

a + jhm. The grid spacings are h1 and h2, assumed positive, and let h = min(h1, h2).
This overlapping grid is representative of the grids we generally use where there is a narrow boundary-fitted grid
with a fixed number of grid points in the direction normal to the boundary overlapping with a large background grid.
The red grid in the figure with m = 1 models the boundary-fitted grid and has N = constant as the mesh is refined.
The blue grid in the figure with m = 2 represents the background grid (and is of infinite extent on the scale of the

width of the boundary-fitted grid). Values for the interpolated end points u(1)
0 and u(2)

q are obtained from values on
grids m = 2 and m = 1, respectively, using interpolation as indicated in the figure.
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Figure 3: One-dimensional overlapping grid for the semi-infinite problem.

For purposes of the present analysis, we consider approximations of the wave equation that are continuous in
time and discrete in space. A centered approximation is
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Here r + 1 is the number of grid points in the interpolation stencil, and the interpolation coefficients ak and bk are
given by Lagrange interpolation. For example,

a0 = (1 − α), a1 = α,
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2ũ(1)

j = ũ(1)
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j = ũ(2)
j+1 − 2ũ(2)
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(1)
p+k.



Stability (cont’d)

• Normal mode theory for the second order system says

‣ Solutions to the eigenvalue problem grow as 

‣ If                   , then by our definition the discretization is unstable

‣ Assume a solution with parameters  

- Then there is a second solution with parameters 

‣ It is possible to find solutions numerically ... e.g.

• Therefore the artificial dissipation parameter must grow with the mesh ... i.e.

• A similar analysis is done for the FOS

‣ The upwind dissipation has the correct form and naturally stabilizes the scheme

est

Re(s) > 0

(s, h1, h2, r,α,β, N)

(sγ, h1/γ, h2/γ, r,α,β, N)

h1 = 1, h2 ≈ 1.4445, r = 2, α ≈ 1.4408, β ≈ 1.2527, p = 1, q = 3, N = 7
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Experiments Concerning Stability

• Consider a planar disk discretized on an overlapping grid (both fixed, and narrow)

• Use method of analytic solutions to generate an exact solution

narrow boundary grid fixed width grid TZ solution



Experiments Concerning Stability

• Consider a planar disk discretized on an overlapping grid (both fixed, and narrow)

• Use method of analytic solutions to generate an exact solution
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Experiments Concerning Stability

• Consider a planar disk discretized on an overlapping grid (both fixed, and narrow)

• Use method of analytic solutions to generate an exact solution

Here, Rin is the inner radius of the boundary-fitted annular grid, hj = 1/(10j) is the approximate grid spacing for
the composite grid with resolution factor j, and !x" denotes the largest integer less than or equal to x. The grid on

the left of Figure 10, which we denote by G(j)
Dn, uses a narrow annular grid with a constant number of grid cells in

the radial direction. For this grid, we take 1−Rin = 6hj so that Nr = 7 for all j. For comparative purposes, we also
consider a composite grid which uses an annular grid with a fixed radial width given by 1 − Rin = 0.25. This grid,

which we denote by G(j)
Df , is shown in the middle of Figure 10.

0.5

-0.5

u1

Figure 10: Left: composite grid G(8)
Dn for the solid disk (with narrow annulus). Middle: composite grid G(8)

Df for the
solid disk (with fixed width annulus). Right: trigonometric solution for u1.

To demonstrate the accuracy of the FOS and SOS schemes, the governing equations, with ρ = λ = µ = 1, are

solved on the narrow grids G(j)
Dn, j = 2, 4, 8, 16, to time t = 1.0. The SOS scheme uses fourth-order dissipation (16)

with α4 = 1 and the sixth-order filter (19) with β6 = 1/128. Tables 4 and 5 give the maximum errors and convergence
rates for displacement and traction boundary conditions, respectively. The columns labeled “r” in the tables give the
ratio of the error in the current resolution j to that in the previous one j − 1. These ratios should be approximately
equal to four for a second-order accurate scheme. The convergence rates given at the bottom of the tables are
computed from a least squares fit to the errors. From the results, both schemes are seen to converge at rates close to
second order. We note that the errors in the displacement for the FOS scheme are approximately 10 times smaller
that those for the SOS scheme for the case of displacement boundary conditions and approximately 20 times smaller
for the case of traction boundary conditions. We will see in subsequent examples that the FOS scheme is generally
more accurate than the SOS scheme by a factor of about 10.

SOS FOS

Grid G(j)
Dn hj e

(j)
u r e

(j)
u r e

(j)
v r e

(j)
σ r

G(2)
Dn 1/20 5.4 × 10−3 4.6 × 10−4 3.1 × 10−3 3.8 × 10−3

G(4)
Dn 1/40 1.2 × 10−3 4.4 1.1 × 10−4 4.3 7.0 × 10−4 4.5 9.1 × 10−4 4.2

G(8)
Dn 1/80 3.1 × 10−4 3.9 2.9 × 10−5 3.7 1.7 × 10−4 4.0 2.3 × 10−4 3.9

G(16)
Dn 1/160 7.8 × 10−5 4.0 7.6 × 10−6 3.8 4.3 × 10−5 4.0 5.8 × 10−5 4.0

rate 2.03 1.97 2.05 2.00

Table 4: Elastic disk with displacement boundary conditions and a trigonometric analytic solution: maximum errors
and convergence rates at t = 1.0. The columns labeled “r” contain the ratio of the error at the current resolution to
that at the previous resolution.

Although the SOS scheme with no dissipation is stable on a single curvilinear grid, our numerical experiments
have shown that it is generally unstable on overlapping grids if no dissipation is added. This is in agreement with the
stability analysis in Section 6 for the wave equation which showed that a non-dissipative scheme may be unstable on
an overlapping grid even though it is stable on a single grid, and that the instability is worse when the grid near the
boundary has a constant number of radial cells as the mesh is refined. To examine this, we first solve the elasticity
equations using the SOS scheme with no dissipation, and examine the behavior of the error over time. This is done
for the choice ρ = λ = µ = 1 and displacement boundary conditions. Figure 11 shows the error in u1 for different
grids, as a function of time and as a function of the number of time-steps. (The behavior of the error in the other

components of displacement is similar.) Results are shown for the grids G(j)
Dn, j = 4, 8, 16, which we will refer to as

“Case N,” and for grids G(j)
Df , j = 4, 8, 16, which we refer to as “Case F.” We note that the solution is unstable in

24
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Vibrations of an Elastic Sphere

• One classic test problem of eigenmode vibrations of a sphere (Lamb 1882, Love 1944)

• Spheroidal vibrations are one such solution (of the second class)

• The exact solution for displacements is found as

u(2)
j = A2 cos(ω2t)û

(2)
j , j = 1, 2, 3,
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Vibrations of an Elastic Sphere

• One classic test problem of eigenmode vibrations of a sphere (Lamb 1882, Love 1944)

• Spheroidal vibrations are one such solution (of the second class)

where
xa = .75R + 1.5hj , Nx(j) = !2xa/hj", Sa = .65 + hj/R, N0(j) = !.49SaπR/hj + 1.5",

Nr(j) = !.25R/hj + 1.5", Nθ(j) = !1.4πR/hj + 1.5", Nφ(j) = !.51Rπ/hj + 1.5",

for a mesh spacing hj = R/(10j). Using the exact solution with the first (κ2, C2) pair in Table 13 to obtain initial
conditions, numerical solutions are computed using the SOS and FOS schemes for the case ρ = λ = µ = 1, R = 1 and
A2 = 100. (The amplitude is chosen so that the maximum displacement is about 1 in magnitude.) The deformation
of the sphere is shown in Figure 18 for t = 0, 0.8 and 1.2, and the maximum error between the various components of
the numerical solution and the exact solution at t = 0.5 is given in Table 14 for four grid resolutions. The computed
rates given in the table indicate that the numerical solutions given by the two schemes are both converging at a rate
approximately equal to 2.

Figure 18: Vibrational mode of an elastic sphere. Left: overlapping grid for a solid sphere consisting of two ortho-
graphic patches, a spherical polar shell and an interior Cartesian grid (not visible). Middle to right: the deformed
sphere at times t = 0, t = 0.8 and t = 1.2 for the case ρ = λ = µ = 1 and R = 1. The displacement is scaled by a
factor of 0.08 for illustrative purposes.

SOS FOS

Grid G(j)
hj e

(j)
u r e

(j)
u r e

(j)
v r e

(j)
σ r

G(1)
ss 1/10 1.3 × 10−1 5.1 × 10−2 1.2 × 10−1 2.6 × 10−1

G(2)
ss 1/20 4.0 × 10−2 3.2 1.2 × 10−2 4.2 3.0 × 10−2 4.0 5.1 × 10−2 5.1

G(4)
ss 1/40 10.0 × 10−3 4.0 2.4 × 10−3 5.1 7.1 × 10−3 4.2 8.6 × 10−3 6.0

G(8)
ss 1/80 2.4 × 10−3 4.1 5.2 × 10−4 4.6 1.7 × 10−3 4.1 2.0 × 10−3 4.3

rate 1.93 2.22 2.03 2.37

Table 14: Maximum errors and estimated convergence rates for numerical solutions of a vibrational mode of a solid
sphere using the SOS and FOS schemes.

7.7 Diffraction of a p-wave “shock” by a circular cavity

To illustrate the use of adaptive mesh refinement we consider the diffraction of a p-wave “shock” by a circular cavity.
The domain for this problem is taken to be the two-dimensional region interior to the square [−3, 3]2 and exterior
to the circle of radius R = 0.5. The initial conditions are taken from the exact traveling-wave solution for a planar
p-wave with a piecewise constant velocity profile. The displacement and velocity for this solution are given by

u(ξ) =

{
−ξ(v0/cp)κ for ξ < 0,

0 for ξ > 0,
v(ξ) =

{
v0 κ for ξ < 0,

0 for ξ > 0,

where
ξ = κ · (x − x0) − cpt, cp =

√
(λ + 2µ)/ρ.

Here, κ defines the direction of propagation of the planar wave and x0 defines its position at t = 0. For the
computations presented, we take κ = (1, 0), v0 = cp and x0 = (−1.25, 0), and we assume that ρ = λ = µ = 1. The
boundary conditions on the bottom and top sides of the square are no-slip conditions, and exact data from the planar

34
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4.5

0.0

|u|
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|v|

SOS with AMR FOS with AMR

Figure 20: Diffraction of a traveling p-wave “shock” by a circular cavity at time t = 1.6 showing the norms of the
displacement and velocity for the SOS scheme (left column) and FOS scheme (right column). Results are for the
base grid G(8) using one refinement level with nr = 4. The contours are plotted on the deformed grid, scaling the
displacement by a factor of 0.075.

4, while the finest resolution used the grid G(64)
CS with no AMR. The table provides estimates of the L1-norm errors.

Since the exact solution for the displacement has discontinuous first derivatives, one cannot expect second-order
accurate convergence. We expect that the L1-norm error in the displacement would converge at rate of 1 in the limit
of small h, while the errors in velocity and stress would converge at a rate of 2/3, see [30]. The results in the table
indicate the convergence rates for the displacement are reasonably close to 1 but that the rates for the velocity and
stress are somewhat better than expected.

SOS FOS

Grid levels nr hj e
(j)
u r e

(j)
u r e

(j)
v r e

(j)
σ r

G(8)
CS 2 2 1/80 1.6 × 10−3 1.6 × 10−3 5.0 × 10−3 5.7 × 10−3

G(8)
CS 2 4 1/160 7.3 × 10−4 2.3 9.0 × 10−4 1.7 2.3 × 10−3 2.2 2.6 × 10−3 2.2

G(64)
CS – – 1/320 3.3 × 10−4 2.3 5.2 × 10−4 1.7 1.0 × 10−3 2.2 1.2 × 10−3 2.2

rate 1.17 0.79 1.13 1.11

Table 15: A posteriori estimated errors (L1-norm) and convergence rates at t = 1.6 for diffraction of a p-wave “shock”
by a circular cavity using AMR.
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Adaptive Mesh Refinement

• AMR is a useful addition for many applications

‣ In particular fluid structure interaction with shocks

• AMR follows naturally within our overlapping grid framework

• Consider the diffraction of a p-wave “shock” by a cylinder

• A posteriori estimates of the error are computed using a series of three computations
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Circular Plate

• An example of a somewhat more complex situation

• Again, a posteriori error estimates can be computed from a series of successive grids

t=2.0 t=4.0grid

0.13

0.0

|u|

SOS FOS

Figure 22: Elastic waves in a three-dimensional circular plate with holes. Contours of the norm of the displacement,

|u|, on the plane x3 = W/2. Results for the grid G(8)
P at t = 3.0 for the SOS scheme (left) and the FOS scheme

(right).

SOS FOS

Grid G(j)
hj e

(j)
u r e

(j)
u r e

(j)
v r e

(j)
σ r

G(4)
P 1/40 1.8 × 10−2 9.5 × 10−3 1.0 × 10−1 1.3 × 10−1

G(8)
P 1/80 4.5 × 10−3 3.9 2.2 × 10−3 4.2 2.8 × 10−2 3.6 3.2 × 10−2 3.9

G(16)
P 1/160 1.2 × 10−3 3.9 5.3 × 10−4 4.2 7.7 × 10−3 3.6 8.2 × 10−3 3.9

rate 2.0 2.1 1.9 2.0

Table 16: A posteriori estimated errors (max-norm) and convergence rates for computing elastic waves in a three-
dimensional circular plate with holes at t = 3.0.

scheme. Both of these are listed in the table. All other costs are listed as “other.”

Vibration of a Sphere (3D)
SOS FOS

total (s) s/step % total (s) s/step %
advance 90 1.3 45 2005 16.9 67.

boundary conditions 15 .22 7 51 .42 1.7
interpolation 41 .60 20 876 7.4 29.

filter 40 .58 20 — — —
other 5 .10 8 30 .18 2.3
total 190 2.8 100 2962 24.9 100

Table 17: Performance of the SOS and FOS schemes for the calculation of a vibrational mode in a solid sphere using

the composite grid G(20)
ss with approximately 34 million grid points. CPU time (in seconds) for various parts of the

SOS and FOS codes, and their percentages of the total CPU time per step. The computation was run in parallel on
16 processors.

The timings for the SOS scheme show that approximately half of the time per step (45% of the total time) is taken
to advance the solution following the discretization described in Section 4.1, while the application of the sixth-order
filter is relatively expensive (20% of the total time). This is not surprising given that the filter is applied in two
stages and requires a separate parallel ghost boundary update for each stage. In addition, the majority of grid points
belong to a Cartesian grid where the discretization of the governing equations requires relatively few operations. The
optimized computational kernel exploits this so that this part of the SOS code is very efficient. The interpolation
and parallel ghost-point update is also relatively expensive at 20%. This is due, in part, to the parallel load balancer
which does not currently take the work required for interpolation into account and as a result the computation is
not perfectly balanced.
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Vibration of a Sphere (3D)
SOS FOS

total (s) s/step % total (s) s/step %
advance 90 1.3 45 2005 16.9 67.

boundary conditions 15 .22 7 51 .42 1.7
interpolation 41 .60 20 876 7.4 29.

filter 40 .58 20 — — —
other 5 .10 8 30 .18 2.3
total 190 2.8 100 2962 24.9 100

A Discussion About Relative Performance

• As an example, consider the problem of spheroidal vibrations

• approximately 34 million grid points 

• approximately 1.1 million interpolation points

• 16 processors



Performance (cont’d)

• FOS maintains 15 components (could reduce to 12), SOS maintains 3

• FOS is ~12 times more expensive per time step advance

• The FOS time step is smaller by a factor of 

• All told, the FOS scheme is ~16 times slower for a given grid

• However, one grid doubling increases cost by ~16 but decreases error by ~4

• Typical results indicate FOS can be 5-10 times more accurate for a given resolution

Vibration of a Sphere (3D)
SOS FOS

total (s) s/step % total (s) s/step %
advance 90 1.3 45 2005 16.9 67.

boundary conditions 15 .22 7 51 .42 1.7
interpolation 41 .60 20 876 7.4 29.

filter 40 .58 20 — — —
other 5 .10 8 30 .18 2.3
total 190 2.8 100 2962 24.9 100

√
3



Conclusions

• We have developed solid mechanics solvers for overlapping grids

• Solvers based on the both the first and second order systems are investigated

• New stability results for the second order system with overlap

• The performance of the two solvers is compared via a suite of tests

Current and Future Work

• Couple solid mechanics solvers to fluid solvers (in progress)

• Move to nonlinear elasticity as necessary

• Investigate “upwind” solvers for the second order system (in progress)

• Investigate stress relaxation techniques for the first order system (in progress)
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